General methods for the determination of maximal finite absolutely irreducible subgroups of GL(n, Z) are described. For n = 5, 7 all these groups are computed up to Z-equivalence.
Therefore, we proceed in the following manner. We derive all minimal irreducible subgroups of GL(n, Z) up to rational equivalence. So we must look for all finite groups which have a rational irreducible faithful representation of degree « = 7 such that this representation becomes reducible for every nontrivial subgroup. Next we compute the integral equivalence classes into which the rational equivalence classes of these representations are divided. This is done by means of the centering algorithm [10] which will be described in the next section. Together with the representations the fixed forms are computed also. In a last step we obtain the maximal irreducible subgroups of GL(n, Z) as the Z-automorphs of those forms.
We find seven groups up to integral equivalence. They are listed in Section 6.
All computations were carried out on the IBM 370/158 at the California Institute of Technology in Pasadena. We herewith want to thank the Mathematics Department for the generous grant to finance this project. In particular, we thank Professor H. J. Zassenhaus and Professor D. B. Wales for valuable suggestions.
2. The Centering Algorithm. The algorithm was developed in [10] to find all integral classes into which the rational class of a given irreducible Z-representation splits. We give a brief account of part of the results and describe the corresponding computer program.
Let G be a finite group and L a ZG-representation module, i.e. a ZG-module which is also a free abelian additive group of finite rank. By a centering of L we mean a ZG-submodule of L of finite index in L or, equivalently, of the same rank as L.
Two ZG-modules say L, L' are called Z-equivalent (Q-equivalent), if L and l! are ZGisomorphic (QZ, and QZ' are QG-isomorphic) [5] . Hence every centering of L is Qequivalent to L. If two ZG-modules L and L' are Q-equivalent, then there exists a centering L of L such that l! and L" are Z-equivalent. For let ip: QZ,' -► QZ, be a QG-isomorphism. Because L is of finite rank there is a natural number k such that k^L') CL. Clearly, ty: L' -► ktfJL,'): I •-► k<p(l) is a ZG-isomorphism and ky(L') is a centering of L. The Q-equivalence class of a ZG-module L splits into a finite number of Z-equivalence classes (Jordan-Zassenhaus Theorem, [5] , [14] ). By our remarks a set of representatives of the Z-classes can be chosen from the centerings of L.
To find such a set of representatives we define a partial ordering on the set ¿(L) of all centerings of L: for M, N E ¿(Z,) let M < N, if there is a natural number k with kN -M. If M < N for M, N E ¡(L), then M and A are Z-equivalent. Every centering of Z, is contained in a uniquely determined < -maximal centering. For a proof let M E g(Z.) and ex, . . . , en and alel, . . . , <xnen a pair of compatible Z-bases of L, M, respectively (a(. G Z, /' = 1, . . . , n; a¡\ai+l, i = 1, . . . , n -1). The <-maximal centering M, M < M, is given by M = oT^M. Note, that M is itself -<-maximal if and only if ax = ± 1. This also implies the uniqueness. We always consider Z, itself to be -< -maximal. (2) for every prime number p¡ (i = 1, . . . , k) and the corresponding constituents A¡-(j = I, . . . , sif)) proceed as follows.
(3) Determine all solutions if G iZp.)"')x" of the system of linear equations ifAj^ig^) = A¡jig )v? (p. -1.r).
Each nontrivial solution represents a G-epimorphism from M onto an irreducible finite G-module, the kernel of which is a maximal centering of M If two nontrivial solutions are linearly dependent, they yield the same centering. If there is no nontrivial solution, go back to (2).
(4) Choose one vector ifi ^= 0 out of every one dimensional subspace of the space of all solutions of (2) and go on.
(5) Compute a Z-basis of the centering A of all x G Z" X1 satisfying <px = 0, express it in terms of the basis of L, and determine the invariant factors of the attached matrix.
(6) If the greatest common divisor of the invariant factors is greater than one, go to (8) . (7) Check, whether the computed new centering A is identical to one already stored. If it is not, store it. Go back to (4) . (8) Determine the stored -(-maximal centering which is Z-equivalent to A that is identical to pJ1N Go back to (4).
(9) Take the next centering M (that is the matrix U of its basis) out of the storage, for which (2) was not yet carried out. Compute Aj^ig^) = U~1A(gli)U (p = I, . . . , r) and go back to (2) . If no centering M is left, the program terminates.
Remarks. (2.6) If some constituent A,--of the modular representation belonging to L/PjL is not absolutely irreducible, the algorithm can be shortened at step (4). Instead of choosing a vector ¡p =# 0 out of every one dimensional subspace it suffices to choose one out of certain m¡.-dimensional subspaces with trivial intersections, where m¡j denotes the dimension of the commuting algebra of A--.
(2.7) Clearly, every -(-maximal centering of Z, is the intersection of uniquely determined centerings with prime power index in L. This can be used to modify the algorithm in the way that one computes the -(-maximal centerings of prime power index for each prime p¡ ii = 1, . . . , k) separately and forms the intersections afterwards. (2.8) As we mentioned in the introduction, we are also interested in the quadratic forms which are fixed by A"(G), i.e. we compute the symmetric matrices Xv E Z" Xn satisfying A"(g)TXvAv(g) = Xv for all g G G and 1 < v < h(A). Since Xv is unique up to scalar multiples, it suffices to determine one Xv for every v = 1, . . . , h(A). Let A, = A, then Xv = UjXxUv. This computation can easily be implemented into the computer program.
Preliminary Considerations About Integral Representations. Since we want
to determine the minimal irreducible finite subgroups of GL(n, Z) up to rational equivalence for certain n the following version of Clifford's Theorem [5] will be useful. Hence we find ker <p is equal to A2 or A3.
By the Schur-Zassenhaus Theorem N has a complement in G which can be chosen to be generated by g2 (after conjugation by a monomial matrix). So we get two groups <A2, g2), <A3, g2), which turn out to be rationally equivalent. Indeed, an easy computation shows that both groups are isomorphic to the full affine group on F8, which has only one irreducible representation of degree 7. Q.E.D.
For the derivation of the nonsolvable groups the following lemma is useful. (4.2) Lemma. Z.er G be a minimal irreducible finite subgroup of GLin, Z), n odd. Then G is already contained in SLin, Z). In particular, the center of G is trivial.
Proof. This is an easy application of Clifford's theory. The last statement then follows from Schur's Lemma and det(-Zn) = -1 for odd n. Q.E.D.
(4.3) Theorem. The minimal irreducible finite subgroups G of GLil, Z), which are imprimitive as subgroups of GL(1, C), are solvable or isomorphic to PSL(2, 7), which in fact is isomorphic to a subgroup of H1.
Proof. Because 7 is a prime number G is C-equivalent to a complex monomial group. Let G be given in this form, and let that if{G) is isomorphic to the cyclic group of order 7 and hence G is solvable. In the second case ker ^ < <-Z7> holds, but because of (4.2) ip has to be injective and so G is isomorphic to a transitive permutation group of degree 7. The transitive permutation groups of degree 7 are either solvable or isomorphic to one of the groups PSLÍ2, 7), An, or S1. Among these only PSL(2, 7) has an irreducible representation of degree 7.
The corresponding linear group can be chosen as a subgroup of H1. Since the orders of the proper subgroups of ZJ5Z,(2, 7) are smaller than 50, it is a minimal irreducible group. Q.E.D.
The primitive finite subgroups of SLÇI, C) were determined by D. B. Wales in [13] . From his results we conclude (4.4) Theorem. There are no minimal irreducible finite subgroups G of GZ,(7, Z) which are primitive ias subgroups of GZ,(7, C)).
Proof. Because of (4.2) all groups G, which we are interested in, must be contained in Wales' list. By a result of Minkowski [9] the order of a finite subgroup of GZ,(7, Z) divides 21 '345 • 7. Thus G must be isomorphic to one of the following five Hence there is no minimal irreducible finite subgroup of GZ,(7, Z) isomorphic to PSLÍ2, 8).
Ad(II).
In this case the same argument as in (I) applies.
Ad(III). Compare Theorem (4.3).
Ad(IV). PSUÍ3, 9) has three irreducible representations of degree 7, only one of them can be made rational. (For a character table see [7] .) From the representation theory of PSLÍ2, 7) one can easily conclude that PSUÍ3, 9) has a subgroup which is isomorphic to PSLÍ2, 7). An inspection of the character tables of both groups shows that G i=*PSUi3, 9)) is not minimal irreducible.
Ad(V). In Section 6 we shall see that the group S6(2) has a subgroup, which is isomorphic to the symmetric group 5g. This subgroup has only two faithful representations of degree 7 both being irreducible. Hence similar to (I) we conclude, that G (s56 (2)) is not minimal irreducible. Q.E.D. (6.1) Theorem. Let G be a finite group with representation A: G -► GLin, Z).
Let X E Q" Xn be symmetric and nonsingular.
(i) A~T is ^equivalent to A.
(ü) X is fixed by A(G) if and only if X'1 is fixed by A_T(G). z F1 (det(F6) = 2). Now we can determine all irreducible maximal finite subgroups of G¿(7, Z). Namely they are Z-equivalent to the automorphs of one of the quadratic forms Fx, . . . , F1. We already mentioned that the automorph of Fx is the full monomial group H1 of degree 7. Moreover, the following two theorems hold. They are special cases of (III.6) and (III.3) in [10] . In order to deal with the last two forms we need (6.4) Theorem.
The automorphs of F6 and F1 are Q-equivalent maximal finite subgroups of GL(1, Z). They are isomorphic to the Weyl group W(En) of order 210345 • 7.
Proof. The automorphs are Q-equivalent by (6.1). The form F6 can also be derived from the root system En [8, p. 66] , and the automorph of F6 is equal to the automorphism group of the root system, in this case the Weyl group W(E1). Q.E.D.
In order to complete the proof of (4.4) we still have to verify the (6.5) Remark. The Weyl group WiE^) = C2 x 56(2) contains a subgroup isomorphic to Ss, hence S6i2) has a subgroup isomorphic to 5g.
Proof. In the terminology of the proof of (6.3) the Kv = { 2?=1 api\ai E Z, SJL'j a(. 
